We study the localization of Rayleigh waves propagating in a semi-infinite and isotropic medium with inhomogeneities that are modeled as rods parallel to the incoming wave front and are distributed randomly up to a maximum depth. For a perfectly smooth surface, the localization length of a Rayleigh wave is predicted to reach a minimum at intermediate wavelength and to diverge for both low and large values of . For large , the divergence results from the fact that the strength of each scatterer is proportional to 2 , where is the angular frequency of the incident Rayleigh wave. For small , the divergence results from Rayleigh waves propagating closer to the surface and therefore being sensitive to a decreasing number of impurities.
I. INTRODUCTION
Multiple scattering is a phenomenon generic to wave propagation in inhomogeneous media which can lead to an exponential attenuation of a wave, even in the absence of any dissipative mechanism. This phenomenon is usually referred to as localization and was predicted in 1958 by Anderson for electrons propagating in disordered solids. 1 Since then, it has now been well established both theoretically and experimentally that, even with an infinitesimal amount of randomness, all waves ͑Schrödinger and classical͒ are localized in systems with spatial dimensions less than or equal to two. 2 For acoustic ͑seismic͒ waves, a thorough understanding of practically relevant effects, such as disorder-induced delocalization transition in randomly stratified media, wave conversion between seismic shear and pressure waves, and geological information in the coda of seismic shot records, should improve the quantitative analysis of seismograms of the interior of the earth. Up to now, there has been only a few investigations of the possibility of localization of acoustic and seismic waves. 3 The frequency dependence of the localization length ⌳ loc for acoustic waves in one-dimensional randomly layered media has been studied both numerically and analytically by Sheng and co-workers. 4, 5 They showed that beyond the lowfrequency behavior of ⌳ loc ϳ Ϫ2 , where denotes the angular frequency, the localization length either approaches a constant or diverges at high frequencies. In all cases the values of ⌳ loc for a given random medium was found to exhibit a well-defined lower bound value generally several orders of magnitude times the correlation length between impurities. White and co-workers used Sheng's localization theory to successfully interpret the backscattering spectra of seismic waves recorded in sonic well logs from diverse geological environments. 6 Recently, Meseguer et al. have studied the scattering of Rayleigh waves by a periodic array of cylindrical holes drilled perpendicular to the surface of a marble quarry. 7 The cylindrical holes were arranged in periodic arrays of both honeycomb and triangular lattices. By recording the attenuation spectra of the surface waves, Meseguer et al. observed the existence of absolute band gaps for elastic waves in these semi-infinite two-dimensional crystals. As a possible application of their investigations, they suggested the controlled attenuation of surface waves generated by earthquakes.
In this paper we focus on the propagation of surface waves ͑Rayleigh waves͒ and determine their localization length as a function of frequency in the presence of impurities ͑scatterers͒ close to the surface. The characterization of Rayleigh waves propagating in disordered media is important for several reasons. Rayleigh waves are often quite damaging in the propagation of earthquakes and also produce a ground-roll noise in the interpretation of seismic records. 8 Surface wave studies have also received increased attention from civil engineers over the last 15 years for imaging the subsurface using the so-called SASW technique ͑spectral analysis of surface waves͒. [9] [10] [11] Some applications of the SASW method include the detection of buried stream channels in rocks, the determination of the depth of trenches filled with debris from a bombing range, and the detection and delineation of buried cavities, among others. 12 Hereafter, we consider the simple problem of Rayleigh propagation through a half-space occupied by an isotropic homogeneous linearly elastic material in the presence of a random array of inhomogeneities. The analysis presented here is not readily applicable to the interpretation of Rayleigh wave propagation through stratified media which are more representative of the actual earth crust, 9 but it can serve as a benchmark calculation in the development of more sophisticated models.
This paper is organized as follows. In Sec. II we describe the scattering-matrix formalism used to determine the wavelength dependence of the localization length for Rayleigh waves normally incident on a two-dimensional array of circular rods parallel to the surface of a semi-infinite medium. Section III describes the results of numerical simulations. Section IV contains our conclusions.
II. APPROACH
In 1970 Steg and Klemens used the Born approximation to study the scattering of Rayleigh waves by surface irregu-larities ͑mass defects͒ as a function of frequency and defect depth. 13 They argued that the most general solution to this problem requires two kinds of scattered waves, namely Rayleigh waves of different propagation directions and body waves ͑longitudinal and transverse͒. Steg and Klemens have shown that when impurities are less than a wavelength below the surface, the Rayleigh waves scatter almost exclusively into other Rayleigh waves of the same frequency but different directions. Using a first-order Born approximation for surface irregularities, the scattering rate of the primary Rayleigh wave was found to vary as the fifth power of frequency. In the present paper we consider scattering centers below the surface which we model as lines parallel to the incoming wave front so that the problem is kept two-dimensional for simplicity. Hereafter, we neglect the mixing between surface waves and body waves. The scattering rate of Rayleigh waves into other Rayleigh waves is one order of magnitude larger than the scattering rate into body waves as long as kdϽ3, 13 where k is the wave number of the incoming Rayleigh wave and d is the depth of the impurity. A more thorough analysis, including the effects of bulk waves, would tend to decrease the transmission of Rayleigh waves along the surface, eventually leading to a shorter localization length than predicted in this paper. Finally, we assume that the cross section of the two-dimensional impurities are small compared to the wavelength of the surface waves and we model them as ␦ scatterers. The geometry of the problem is illustrated in Fig. 1 .
We consider a Rayleigh wave with a fixed frequency incident from the left on a two-dimensional disordered array of scatterers located in a region of length L along the x axis. The scatterers are assumed to be parallel to the y axis and randomly distributed up to a maximum depth d.
Experimentally, a study of the localization of Rayleigh waves would require the placement of geophones on the surface or deep inside the semi-infinite half space in order to record the power per unit area delivered by the surface wave.
14 For a geophone with its membrane placed perpendicular to the propagation of the surface wave ͑x direction in Fig. 1͒ , the power per unit area will be proportional to the square of the transmission amplitude through the array ͉T͉ 2 . Hereafter, we describe a scattering-matrix technique to determine the transmission coefficient of the Rayleigh wave as a function of frequency of the primary surface wave. If localization occurs as a result of the multiple interference of waves through the disordered array, we expect ͉T͉ 2 to be of the form
where ⌳ loc is the localization length. Numerically, the inverse of the localization length is then determined using the following procedure
as L goes to infinity, where the brackets denote configurational averaging.
Since the rods have a small cross section, Navier's equation for the spatial variation of the medium displacement becomes
where 0 is the density of the background ͑semi-infinite medium͒, i is a parameter characterizing the strength of the ␦ scatterers located at (x i ,z i ). It is assumed to be the same for all impurities and its magnitude will be determined below.
The "u(x,z),w(x,z)… are the components of the medium displacement along the x and z axis, respectively. The ͑,͒ parameters are the Lamé constants of the background medium. 15 These parameters are related to the bulk phase velocity of primary (V p ) and secondary waves (V s ) through the relations ϭ 0 V s 2 and ϩ2ϭ 0 V p 2 . 15 Hereafter, we have neglected the difference between the Lamé parameters of the rods and background material for simplicity.
At any point (x,z), the solution of the equation above describing Rayleigh wave propagation along the surface is given by Ref. 15
where the functions f 1 , f 2 are given explicitly in the Appendix. In the absence of scatterers, the function g k (x) is a simple plane wave with wave number kϭ/C R , where C R and are the phase velocity and angular frequency of the incident Rayleigh wave, respectively. For a semi-infinite, homogeneous and isotropic medium, it is well known that Rayleigh waves are dispersionless, i.e., C R is independent of frequency. 15 In the neighborhood of the surface, for a Rayleigh wave propagating from left to right in Fig. 1 , the medium motion is elliptical and counterclockwise in the xz plane, with a vertical displacement about 1.5 times the horizontal displacement. The horizontal motion is reduced to zero at a depth of about 0.2 times the Rayleigh wavelength. The medium becomes elliptical and clockwise at greater depth.
In the presence of disorder, the function g k (x) between two adjacent impurities along the x axis is a superposition of left-and right-going plane waves
If we consider a Rayleigh wave incident from the left, we have
for xϽ0, and
To find g k (x) anywhere in region ͓0,L͔, we first derive a differential equation for g k starting with Eq. ͑3͒. Substituting Eq. ͑4͒ in Eq. ͑3͒, multiplying on the left by row vector ( f 1 * , f 2 *) ͑where the asterisk stands for complex conjugate͒, and integrating from zϭ0 to ϱ, we obtain
where the dot stands for d/dx. In Eq. ͑8͒, some short-hand notations have been used by introducing the coefficients (␣ 1 ,␣ 2 ), (␤ 1 ,␤ 2 ), and (␥ 1 ,␥ 2 ), written explicitly in the Appendix. Furthermore, the coefficients i are defined as follows:
͑9͒
At the location x i of the ith rod, we require g k (x) to be continuous. Furthermore, starting with Eq. ͑8͒ and integrating across the ith scatterer, i.e., over the interval ]x i Ϫ⑀,x i ϩ⑀͓ and letting ⑀ go to zero, we get
To calculate the overall transmission coefficient across the entire array, we use a scattering-matrix approach with the cascading rules given, for instance, in Ref. 16 . This requires the derivation of the scattering-matrix across an individual scatterer (S i ) 
͑13͒
This last equation can be rewritten as follows:
where
Multiplying Eq. ͑12͒ on both sides by ⑀ i , we get
which can be solved simultaneously with Eq. ͑14͒ to find R i and T i . We obtain
and
͑19͒
It can be easily shown that
Furthermore, because of the symmetry of the problem we have
͑22͒
For the array of scatterers, the overall scattering-matrix entire array can then be obtained by cascading scattering matrices for ␦ scatterers with the scattering matrices representing the phase shifts between scatterers. 16 Before we proceed with numerical examples, we first analyze in more detail the properties of the transmission coefficient through a single scatterer. Referring back to Eq. ͑19͒, T i is seen to depend on the parameters ␣ 1 , ␣ 2 , and i .
Starting with the definitions given in the Appendix, we find
͑26͒
where Aϭͱ1Ϫ(C R /V p ) 2 and Bϭͱ1Ϫ(C R /V s ) 2 . In Eqs.
͑23͒ and ͑24͒, ␦ϭͱA/B is the ratio between the normal and tangential particle displacement of the Rayleigh wave propagating on the free surface of the semi-infinite medium. 17 Furthermore, 0 is the maximum amplitude of the Rayleigh wave in the x direction. Since ␣ 1 , ␣ 2 , and i are all proportional to ͉ 0 ͉ 2 , the coefficients R i ,T i are independent of 0 . Setting 0 ϭ1 in Eqs. ͑23͒ and ͑24͒ and using the definitions of the parameters s , p , we get
where the parameters C 1 and C 2 are independent of frequency and are given by
Furthermore, using the definitions ͑A1͒ and ͑A2͒ in the Appendix and setting 0 ϭ1, we obtain
Using the results above, the transmission amplitude T i becomes simply
For a typical impurity, the strength of the scatterer i ͑with dimensions Kg m Ϫ1 ͒ is determined by imposing the following condition:
where R is the radius of the circular rod, r the density of the rod material, and we have assumed that z i ϾR. The righthand side of Eq. ͑35͒ ensures that i is equal to zero when r is equal to 0 , as it should in the absence of a scatterer. Using Eqs. ͑32͒-͑35͒ we can rewrite the transmission amplitude as
The frequency dependence of the transmission coefficient ͉T i ͉ 2 is therefore controled by the frequency dependence of the term (kR) 4 f 2 (kR). One-dimensional (1D) limit. If the scatterers are all at the same depth z i , the problem is purely one-dimensional and the localization length is equal to the elastic mean free path. 3 Using reduced units in which the localization length is expressed as the average number of impurities crossed, 16 the localization length can be calculated as follows:
The actual localization length must then be obtained by multiplying this number by the average distance between impurities in the x direction. The qualitative dependence of the localization length as a function of the Rayleigh-wave wavelength can be estimated as follows. From Eqs. ͑36͒ and ͑37͒, we obtain Therefore, we expect the localization length ͑or elastic mean free path͒ to reach a minimum at a wavelength * given by
If the z i 's are random ͑with RϽz i for our model to be valid͒, we still expect the localization length to diverge for both small and large wavelengths and therefore to reach a minimum for some specific *. Indeed, for small frequency, the transmission amplitude across any scatterer is close to unity ͑independent of their location͒ since their scattering strength is proportional to 2 . Because we use a ␦-scatterer model for the impurities, the theory is valid for values of down to ϳ2R, or equivalently for kR values up to ϳ ͑see the numerical examples below͒. For small and fixed z i , the function f (kR) exponentially goes down to zero. This corresponds to the fact that Rayleigh waves of high frequency are propagating closer to the surface, a phenomenon quite analogous to the skin effect for high-frequency current moving through metals. As a result, for →0, the impurities located below the surface do not affect Rayleigh-wave propagation. Even for the impurities close to the surface, the transmission coefficient eventually approaches unity as the frequency increases. In other words, there are fewer and fewer scatterers felt by the Rayleigh waves as the frequency approaches infinity and the localization therefore diverges as
Ϫ1
→ϱ. The prediction of a minimum of the localization length at an intermediate value of kR is therefore expected to hold even for more advanced models for the scatterers. Only the location of the minimum along the kR axis is expected to change.
In the next section we describe simulation results for the frequency dependence of the localization length of Rayleigh waves calculated using Eq. ͑2͒.
III. RESULTS
Hereafter, we consider arrays of two-dimensional elastic scatterers distributed along the x and z axes. The z i locations are assumed to be less than or equal to a maximum depth d. We only take into account disorder due to the random locations of the rods and assume all i 's in Eq. ͑3͒ to be identical. The strength i of each scatterer is fixed using Eq. ͑35͒. In the simulations, the density of the semi-infinite medium and rods is set equal to 7.8ϫ10 3 and 15.5ϫ10 3 Kg/m 3 , respectively. 18 For the background medium, the primary (V p ) and secondary (V s ) wave velocities are selected to be 5800 and 3100 m/s, respectively.
14 In that case, the phase velocity of Rayleigh waves along the x axis is calculated to be 2876 m/s, a value independent of frequency for a semiinfinite medium. 15 Figure 2 is a plot of the transmission coefficient across a single impurity versus kR for different values of z i /R. We note the following features: first, for a fixed z i /R, the transmission coefficient is close to unity for both low and large values of kR. This is in agreement with the fact that, for low kR, Rayleigh waves extend over a region much larger than the impurity size. The impurity acts as a weak scatterer and the transmission coefficient through the impurity is close to unity. Second, for sufficiently large kR, Rayleigh waves are located closer to the free surface and decay over a length scale shorter than the location z i of the fixed impurity, hence the transmission coefficient is also close to unity. This last assertion is true independent of the model of the scatterer.
Case 1: 1D random arrays. We first consider disordered arrays of scatterers with the location of the ith impurity selected as follows "x(i),z(i)…ϭ"͓8iϩ3.99 ran(i)͔R,2R…, where R is the radius of the circular rod and ran(i) is a uniform random number between Ϫ1 and ϩ1. Since all impurities have the same depth, this case corresponds to the 1D limit analysis in Sec. II. The full line in Fig. 3 is a plot of the inverse localization length calculated using Eq. ͑2͒ while averaging over 1000 samples. The analytical expression for the inverse localization length ͓Eq. ͑37͔͒ is plotted as a function of the parameter kR and is a very good fit to the numerical results. The localization length reaches a minimum for * ϳ 0 /4 where 0 is given by Eq. ͑41͒. For the 1D array considered here 8Bϳ7.5, z i ϭ2R, and therefore * ϳ3.75R. As a result, we expect 1/⌳ loc to reach a maximum for a value of kR equal to 2R/*ϳ1.7. This value is in good agreement with the numerical results shown in Fig. 3 and is below 2, the value above which the ␦-scatterer model breaks down.
According to the analysis of Steg and Klemens, 13 the scattering rate of Rayleigh waves into bulk waves is negligible as long as kdϽ3. In our case, the depth of each impurity is equal to 2R. Therefore, past kRϭ1.5, we expect the trans- From bottom to top, the curves correspond to z R varying from 2 to 6, in steps of 0.5. FIG. 3 . Plot of the inverse of the localization length versus the parameter kRϭR/C R . The full lines are the inverse of the localization length calculated using Eq. ͑2͒ while averaging over 1000 samples. The dashed line is the result derived using Eq. ͑37͒. The localization length is in units of the number of impurities crossed in the x direction. The simulations are for different disordered arrays of impurities. The curve labeled 1D corresponds to impurities all at the same depth z i ϭ2R but distributed randomly along the x axis "x i ϭ͓8iϩ3.99 ran(i)͔R, where ran(i) is a uniform random number between ͓Ϫ1,ϩ1͔…. The curve labeled ''Quasi-1D'' corresponds to samples made of three 1D arrays located at depths equal to 2R, 5R, and 8R, respectively. The curve labeled 2D corresponds to the twodimensional disordered samples described in the text. mission coefficient through the array, and therefore the effective localization length, to decrease below the value predicted here. This may lead to a shift and larger value of the maximum shown in Fig. 3 . However, at high frequencies, the coupling to the bulk waves is suppressed and we still expect the localization length to diverge in this limit. The maximum observed in Fig. 3 is therefore expected to be at least qualitatively correct. With the inclusion of bulk waves, the range of kR values at which we expect the minimum localization length can be estimated as follows. The amplitude of Rayleigh waves in the z direction is related to the magnitude of the functions ( f 1 , f 2 ) in Eq. ͑4͒. From the expressions given in the Appendix, both f 1 and f 2 become negligible at the depth z i of the impurity array whenever, say,
Since z i ϭ2R and 8Bϳ7.5, the amplitude of the incident Rayleigh wave at z i is negligible whenever kRϳ8. No bulk waves can be generated by the impurities at depth z i past that limit. The effects of surface roughness could become important, however, past kRϳ8, as discussed below. As a numerical example, if we select Rϭ1 mm, the theory above predicts that the minimum localization length of the system considered above would reach a value of 6.7 cm for a Rayleigh wave excited on the surface at a frequency of 0.78 MHz. Next, we consider arrays of impurities composed of three layers of 1D arrays of scatterers with their x locations selected as in the previous example and with their depth equal to 2R, 5R, and 8R, respectively. For the impurities at depth equal to 5R and 8R, the transmission coefficient is near unity, as can be seen in Fig. 2 . The impurities at these depths merely introduce an additional phase shift between the impurities located at the top array. Expressed as an average number of impurities crossed, the localization length is therefore expected to be three times longer than in the previous example. Expressed in meters, the localization length is, however, the same as in the previous example since the density of impurities per unit length along the x axis is three times larger than in the 1D case considered above. This last numerical simulation shows that the wavelength dependence of the localization length of Rayleigh waves is merely affected by scatterers close to the surface.
Case 2: Two-dimensional (2D) random arrays. In this last example, we calculate the localization length of 2D disordered samples generated as follows. The depth of each impurity is selected randomly and uniformly between 2R and 8R. We generate block of five impurities at a time with their x location selected randomly in each block j with a uniform distribution over the interval ͓8( jϪ1),8j ͔R. This generation of impurities block by block is made in order to avoid the time-consuming sorting process of the x location of the impurities if they are generated randomly over the entire length of the sample. In Fig. 3 we plot the average ͑over 1000 samples͒ of the inverse of the localization length. Again, we observe a nonmonotonous behavior of the localization length with a minimum at a value different from the one predicted for a purely 1D array of scatterers. This is because the transmission coefficient for the impurities close to the surface have different magnitudes when the depth of the impurities is allowed to vary. The main feature of this last example is that the occurrence of the minimum in the localization length of Rayleigh waves is still observed for 2D arrays.
Actually, for the case of 2D arrays of impurities, the inverse of the localization length can be estimated starting with Eq. ͑37͒ and calculating the weighted average
where R i and T i are given by Eqs. ͑18͒ and ͑19͒, respectively. A plot of this average value is shown as a dashed line in Fig. 3 . Stated otherwise, the 2D arrays of scatterers can be interpreted as 1D arrays of scatterers with a scattering strength obtained using the averaging procedure above.
IV. CONCLUSIONS
We have used a scattering-matrix approach to study the localization length of Rayleigh waves propagating in a semiinfinite medium in the presence of a random array of onedimensional circular rods with a density different from the density of the semi-infinite medium. For simplicity, the wave front of the incident waves was assumed to be perpendicular to the two-dimensional ␦ scatterers. The latter are parallel to the surface of the semi-infinite medium and are located up to a maximum depth.
The localization length is found to diverge at both large and small values of the wavelength of the incident Rayleigh wave and to reach a minimum at an intermediate wavelength. This behavior is expected independent of the model of the scatterer. At low wavelength, the divergence is expected since the strength of the scatterers vanishes as 2 . At large frequencies, Rayleigh waves are located closer to the surface and are therefore sensitive to a smaller number of scatterers.
In our analysis, the assumption of 1D scatterers parallel to the y axis in Fig. 1 was made for simplicity. For scatterers whose extent along the y axis would be shorter than the wavelength, the analysis would need to be repeated with fully 3D scatterers. These scatterers would induce diffuse scattering, i.e., coupling between Rayleigh waves with different (k x ,k z ) wave-vector components. This would increase the localization length at any particular wavelength. However, the localization length would still be expected to diverge at large and small values of the wavelength because the arguments given above hold also for 3D scatterers. Therefore, even for this more general case, the localization length is a nonmonotonic function of the wavelength and reaches a minimum at some intermediate .
